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CODIMENSION 1 ORBITS AND SEMI-INVARIANTS FOR
THE REPRESENTATIONS OF AN ORIENTED GRAPH OF TYPE @,
BY
S. ABEASIS'

ABSTRACT. We consider the Dynkin diagram ¢, with an arbitrary orientation Q. For
a given dimension d = (d|,..., d,)) we consider the corresponding variety L, of all
the representations of (¢,,§) on which a group G, acts naturally. In this paper we
determine the maximal orbit and the codim.1 orbits of this action, giving explicitly
their decomposition in terms of the irreducible representations of «,. We also
deduce a set of algebraically independent semi-invariant polynomials which generate
the ring of semi-invariants.

0. Introduction. Let us consider the Dynkin diagram @,, where we denote by
[, = {1,2,..., n) the set of its vertices and by I'| the set of its edges:
| 2 3 n—1 n

o o 0. o 0 +++ O Ve

and let  be an orientation for its edges.
For any d = (d,,d,,..., d,), d, nonnegative integers, let V; be a vector space of
dimension d, over a given field K and let us denote by
L= L,(q,.2)=T1 HomK(V;’(I)’ V}(I))*
leT,
where i(/).f(!) € T, are respectively the initial and the final vertex of / with respect
to the given orientation . An element B € L, is called a representation of the
oriented graph (¢, ,2) of dimension d.

The connected algebraic group G,:= I'l_, GL(V;) acts naturally on the vector
space L ,, i.e. we have a rational representation p: G, —» GL(L,).

For any B € L, let Og:= G,- B denote the orbit of B and [B] the set of all
representations of (¢, ,§2) isomorphic to B. Then Oy = [B] and therefore the given
action of G, has finitely many orbits and there is a unique maximal orbit O, C L,
(open dense) (cf. [3, 5)).

Let ¢,:= (Oy C L,, codim; O = 1}, where O is the Zariski closure of O.

In this paper we classify the orbits Oy € O, giving for each of them the explicit
description of the indecomposable representations of (&, , Q) which appear as factors
in [B]. To get this result we first describe in a combinatorial way the canonical
decomposition of the dimension d relative to the given oriented graph (cf. [7]), i.e. we
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464 S. ABEASIS

describe for any d the set of indecomposable factors in the maximal orbit O, C L,
(cf. §3). Then the classification of the codimension 1 orbit is explicitly given in
Theorem 5.1.

More precisely for any d = (d,,d,,..., d,) we define a subset I, of pairs of
indices (i,j), i <j, i,j = 1,..., n, such that the corresponding nonnegative integers
(d;,d;;\,..., d)) satisfy the set of inequalities and the equality stated in (4.1). Then
we find a bijection y: I, = O, Y (i,j) = OBU’ where B, ; is explicitly constructed in
terms of its indecomposable factors.

As a consequence of the properties (i) and (i1) which we establish for ¢ in Theorem
5.1, we deduce for any Op < 0, the equation for the corresponding algebraic
variety 53,,; we denote this by D;; =0, (i,j) € 1,(cf. §6).

Let us recall now that as G, acts on L, then it acts on its polynomial ring K[L,],
and f € K[L,] is a semi-invariant polynomial (or relative invariant) if 8 = x(g)f
for any g € G, x a character.

Let R ,:= R ,(&,,Q) denote the ring of semi-invariants, i.e. the ring generated by
the semi-invariant polynomials.

As a consequence of Theorem 5.1 and a result due to Sato and Kimura (cf. [9] and
§6), we get the following

THEOREM 0.1. If K is an infinite field then:

(1) The D;;’s (ij) € 1,, are a set of algebraically independent semi-invariant
polynomials.

(2) Any semi-invariant is a product of the D,’s and R, = K[D, i1

Note that we have already established in [1] the result of Theorem 0.1 in the case
the Dynkin diagram @, is equioriented. On the other side one can keep control of
what happens to the ring of semi-invariants under a change of orientation for the
same graph (cf. [7, Corollary, p. 77]), as any orientation { can be obtained from any
other €’ performing a suitable number of simple reflections in admissible vertices (cf.
also [3]). The isomorphisms given in [7] can be made completely explicit (cf.
Propositions 7.1 and 7.2), and this suggests another way of proving Theorem 0.1.
This method would consist in taking the proposed semi-invariants for each orienta-
tion and proving that they in fact “correspond” according to the rules given in [7].
We will sketch this method in §7.

1. Preliminaries. Let us consider the Dynkin diagram &,
123 n—1 n

o o _o O ++9+ O o o

and let @ be a given orientation for its edges. Then @ defines the sequence
{(1=s5y<s, <s5,<:--- <s,<s,,, =n) of vertices which are sources and sinks,
the same sequence being also associated to the dual orientation Q*, i.e. the orienta-
tion obtained by reversing all the arrows:

1 2 3 n—2 n—1 n
0O — 0 — 0 ¢ 0 +++ & 0 —> 0o —> o
So R Sy Sy+1

We identify Q with the sequence (s;} as we will work up to duality and we call the
s,’s critical points of the orientation.



CODIMENSION 1 ORBITS AND SEMI-INVARIANTS 465

Recall that the indecomposable representations of ((,,§) are in 1-1 correspon-
dence with the positive roots of the Dynkin diagram ¢, independently from the
orientation  (cf. [5 and 3)). It follows that we have an indecomposable representa-
tion E,,, p < g, for each dimension k = (k;) € N" such thatk;, = 1 if p < i < gand
k; = 0 otherwise.

One can visualize the indecomposable E,, as an integer segment [ p,¢] on which
we have put a dot j for each integer p <j < ¢, each dot j representing the base
vector in the corresponding one-dimensional vector space. It is also convenient to
indicate the subsequence of the critical points of the orientation which are contained
in[p,qlie{s}N[p.q]={SuSus1s---» Sy} Wheres, | <p <s,.5,<q <55,

From this point of view the indecomposables E,, are of two types:

(1) [p,q] contains an even number of critical points, and we call £, or [ p,q] of
even type.

(2) [ p.q] contains an odd number of critical points, and we call E,, or [ p,q] of
odd type.

EXAMPLE. (€4,92),Q ={s;= 1,5, =3,5, =6,5;, = 7,5, = 9).

2 3 4 5 6 7
E, s SA H ; © s.s odd type,
a b
6 7 8
E, 5 ‘L 2 © - —  even type
’ Sa Sp

(we have denoted by a and - critical points of different nature).

As soon as we know the type of the indecomposable E, , and the nature of s, i.e.
a source or a sink, we can read if the base vectorjis sent toj + 1 orj — 1 or to zero,
and if j is or is not in the image of j + 1 orj — 1.

Let A be a representation of (&,,Q). Then, up to isomorphism, it uniquely
decomposes as 4 = @ e, E,,, where e is the multiplicity of the factor E,,.
Therefore the isomorphism class of 4, i.e. the orbit O, is graphically represented by
a collection of “segments” [ p,q], each one appearing with multiplicity e;‘q. We call
this collection the “diagram” of 4 or O,.

We summarize now some results which are proved in [2]. Let A € L,, A = (A,
A,,...,A,_)), A, alinear map and either A;: V; - V,_ |, or A;: V,,, — V, according
to the given orientation Q of the edge (i,i + 1). Let ,{,',, p=t—1,1+ 1, be the
composition of the maps A4, going from the sources s,_, or s, | to the sink s,.

For each pair of integers u < v we have defined the map

(p:v: @ I/r_) @ V:v’
r s

where r runs over all the sources and s over all the siks of the induced oriented
graph starting at ¥ and ending at v, whose components are

v, eV, ~V, (z,2') = (A4,

\ s, t—1.t

z— A_,H‘,z').
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Then we have set

NA =

uv

rkef  ifu <o,
dimV, ifu=v.

We have also defined two types of ‘“elementary degenerations” which we can
perform on pairs of indecomposables appearing as factors of a representation 4. Let
us consider integers 4 < r < t < k. Then the operations are:

(e)E,,® E,— E, ®E,,|[r,t] of even type.

(0E,,®E,— E, ®E,,|[rt]of odd type.

Note that in case (e) we also allow r =7+ 1 and we read E,,, as the zero
representation, i.e. we also consider the elementary degeneration E,, = E,, ® E, |,
- Ehr @ Er+ 1k*

In [2] we have proved that if B is obtained from A by performing on a pair of its
indecomposables an operation of type () or (0) then O, € O, and N2 < N/ for all
u < v, moreover if we have the strict inequality then N2 = N4 — 1. (In fact in [2]
we have proved a much stronger statement which we do not need here, namely
Oy € O, if and only if B is obtained from 4 via a finite number of elementary
operations, and if and only if N2 < N/ for all u < v.) The pairs of indices (u,v) for
which we have N2 = N2 — 1 depend on the type of the indecomposables of 4 on
which we perform the elementary degeneration (cf. [2, Proposition 4.3]). We have
essentially four possible different cases which only depend on the type (odd or even)
for the segments [A,r — 1] and [t + 1,k]. In fact if we prescribe the type of the
elementary degeneration and the type of [h,r — 1] and [z + 1,k] then we can deduce
the type of each one of the two indecomposables.

ExAMPLE. [h,r — 1] odd, [t + 1,k] even correspond to the following situations:

h —1 t+1 k
Operation of type (¢) 2 1 . © =
r t
—© —A—
. h r—1 t
Operation of type (0) —© —e
ro t+1 k
= Ar—— © =]

In any of these cases both u and v belong to a subset which is a union of integer
intervals. We list these subsets in the second column of the table at the end of the
next section.

Assume a representation A4 of (&,,$) is given through its diagram, i.e. through the
decomposition 4 = & e;‘qu 4~ We want to show how, from the interpretation of the
indecomposables as segments, we can read conditions in order to have ¢! an
isomorphism for a given pair u < v, 5,_; < 4 < 5,, Sp < v < sg, . Without loss of
generality we can assume s, to be a sink, i.e. u to be a source in the induced
representation for the subgraph of @, relative to the vertices {u,u + 1,..., v} (if not
we can consider the dual orientation *).
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LEMMA 1.1. A basis for kerg? can be given by vectors taken each from a factor E vy
in A such that the subsequence of the sequence of sources and sinks {U,$,,S, 15> Sgs
v} contained in | p,q) starts and ends with a source.

&l

PROOF. Assume in A there is a factor E, such thatu <p <g<wv,s., <p<s
Sy G <Sy1rSq-1 SU<S5,, 55 <u<sg,,ands, s, sources:

Se+2 Sd Sd
p o ——A— o0 -..— 0 A 0o
Se Se+1 Sa-2
Denote by w. W, ,W.,2,--., Wy_1,W, respectively the base vectors in V,V,

S |’
LV ,V.I corresponding to the dots with same indices on the segment

s s
[p.q] Thendtllle vector w = (0,..., W,W, 5,..., Wy_,,W,,..., 0) is a nonzero vector
in the space @ V,, where r runs over all the sources in the induced representation
between u and v. Then w € kergy,, as follows immediately from the definition of
the map ¢ . The argument is similar in the other cases. Conversely with a suitable
choice of the bases in the vector spaces V, one can always construct a basis in ker;’
as indicated before.

Using Lemma 1.1 and duality one can read from the diagram of a given
representation 4 of (€,,Q) if ¢ is injective or surjective for any u, v.

EXAMPLE.

Se+2?

2 3 4 5 6 7 8 9
(@9’9) © —> 0 —> 0 ¢ 0 ¢ 0 ¢ 0 —> 0 ¢« 0 ¢« o

50 s 53 53 Sa

d=(4,3,5,4,5,6,4,3,4),A € L,

6 7 8 9
o—tbtr—»0
1 2 3 s 9
[Ca—— ) © - —-©
1 4 9
(C, £ S A ©
A: 1 7 9
e AN C L\ O
1 3 6
o A —0
3 6
A b
= 7

A=E,®E,®E,®E, ®2E,®Esy® Eg ® Ey,

@4, is injective but not surjective and dimcokergs; = 2,

@4 is surjective but not injective and dimkergg; = 4,

@4, is an isomorphism since dimker ¢4, = dimcoker3, = 0.

2. Stabilizer and codimension formulas.
Stabilizer formulas. Let A be a representation of (&,,$) of dimension d, then

dimO, = dimG, — dimSt4,
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where StA is the subgroup of G, which fixes 4. Moreover dimSt4 is equal to the
dimension of the Lie algebra of StA4, i.e.
(2.1) dimSt4 = ) e/ e/dimHom,(E,, .E,).
p.q.r. 4

where Hom (E, . E,,) is either zero or isomorphic to K, depending on the integers
p. g, r, t and the orientation . In any case it is easy to check thatif £, = E, and
Hom,(E, .E,) =K then Hom (E,,,E,,) = 0, moreover Hom (E, . q) =

Let (E,, E, )q:= Max{dimHom(E ,,q, E,), dmHomg(E, . E, ). It is im-
mediately seen that (E, ,E, g = (E, . E, )o- and

(E,;.E.>g=1 ifp=rorg=sor
(22) p <r<gqg<tand|[r,q]isof even type, or
' p <r<t<gqgand][r,t]isof odd type,

(E,,.E,.)>o =0 otherwise.

rt™~re

<A’B>Q = Z € q rl pq’Erl>Q’
p.q.r.

LetA = 696,,‘, pq, = @efE . Then we define

i.e. we have a bilinear form depending on the orientation €. In particular we have
(2.3) dimStA = (A,A)g = Y e/ e/{E, .E,).

Codimension formulas. Let A,B € L,((&,,Q). In the remaining part of this section
we will assume that there exist integers h < r < t < k,

Su  <h<s,, s._,<r<s. S;<t<s,. ., $,<k<s,,,

a <

such that either

(WA=E, ®E, ® A B=E, ®E, ®A,and[r,t]of even type or

QA=E, ®E,®A B=E, ®E, ®A,and[r,] of odd type,

i.e. we assume that B is obtained from A4 via an elementary degeneration of type (e)
(case (1)), or of type (0) (case (2)), (in case (1) we also allow r = ¢ + 1, cf. §1).

We want to compute in both cases (1) and (2) the codimension of Oy in O,. We
have codimg, O = dimStB — dimStA, therefore we only have to compare the two
stabilizers which are involved, using (2.1). It is convenient to separate the contribu-
tion given by the pairs of indecomposables in 4 from the one given by the remaining
factors. In case (1) we have

dimSt4 = dimSt4 +dimSt(E,, ® E,,) + [E,, ® E,.,A ]
= dimSt4 +2 + [E,, ® E,.,A |,

where [E,, + E,,.A] denotes the difference dimSt4 — dimStA4 —2, i.e. the recipro-
cal contribution given to dimSt4 by the factors in E,, ® E,, and the factors in A.
Similarly

dimStB = dimSt4 +3 + [E,, ®,,,4 |.

res
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In case (2) we have similar formulas, where we have to interchange the role of
E, . ® E,and E,, ® E,,. It follows that

(24)  codimg Op =12 ([E, ® E,. 4]~ [Ey @ E,.A])

=1z Ze;'; [E,,, ® Erk’qu] - [Ehk ® Err’EM]}‘

where

[{E,.E..) if(u,v)=(z,w)(cf. (2.2)),
\2 if (u,v)=1(z,w)

and the sign + holds in case (1), the sign — holds in case (2). Note that
+((E, ® E,;,A] — [E,, ® E,,A]) is in any case nonnegative, as O, ¢ O, and
therefore the codimension is at least 1.

Equation (2.4) allows us to compute explicitly codim O, once we know if we are
in case (1) or (2) and we know the factors of the decomposition of A.

Let us consider the set H(h,r,t,k), h<r<t<k(rr=t+1and E
zero representation) defined as follows:

H(h,r,t,k) = {(p’q) |[Eh1 @ Erk’qu] - [Ehk ® E’/’E/”I]l > 0>

[EuorEo] =

uv

the

t+ 1.t

As a consequence of (2.4) we have the following

ProPOSITION 2.5. Codim Oy, = 1 if and only if for every pair (p.q) € H(h.r.t,k)
we have e;, = 0.

In order to be able to find the codim 1 orbits we need to know the set H(h,r,t. k).
Note that this set depends not only on the integers A, r, t, k but also on the type
(odd or even) of the indecomposables on which we perform the elementary degener-
ation (of type () or (0)). It is easy to see, once more, that we have four different sets
corrdsponding to the type (odd or even) of the intervals [4,r — 1] and [ + 1.k].

In Column 1 of the Table we describe a set of pairs, denoted by H*(h.r.t.k),
which is related to H(h,r,t,k) as follows:

H(h,r.t,k) = H*(h,r,t,k)\{(h,k),(r.1)} incase (1),
{H(h,r,t,k) = H*(h,r.t,k)\{(h.,t),(r.,k)} incase(2).

The sets H (and therefore H*) have been constructed by direct inspection using
2.2).

In Column 2 of the table we list the pairs (u,v) such that N2 = Nj — 1, A,
B € L, satisfying either (1) or (2) as we have announced in §1. We will need to
compare the two columns in the proof of Theorem 5.1.

(2.6)

3. The canonical construction. Let d = (d|,d,,..., d,) be a given dimension and
Q = (s,) an orientation for the Dynkin diagram &,. We describe here a construction
which produces a special representation Cy(d) € L,(&,,). The main property of
Cq(d) is given by the following

PROPOSITION 3.1. Let A:= Cq(d). Then O, is the maximal orbit in L, (®,,Q), i.e.
0, = 0, C Ly(@,.9).
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To describe Cy(d) we first recall the construction of the maximal orbit of a given
dimension k = (k,,k,,..., k,,) and relative to a Dynkin diagram ¢, which is
equioriented:

1 2 3 m—1 m
o —> 0 —>0 >0 —3>0 .-+ 0 —> 0 — o0
Consider an “orizontal line” / on which we have the integers 1,2,..., m and let 7+

be one of the two half planes determined by /. Draw in #* on the vertical line
passing through j, 1 <j < m, as many dots as the integer k;, the first dot always
being on the line /. Join with an orizontal edge, if possible, points over 1 with points
over 2, the ones over 2 with the ones over 3, etc.

ExAMPLE. (&, equior.), k = (2,3,4,2,5,4):

The result is a collection of “orizontal segments” which represent the indecomposa-
ble factors of any representation in the maximal orbit O, C L,(&,,,equior.) (for
the proof cf. [1]).

The construction Co(d ). The orientation @ = (1 = s, <s; < -+ <5, <5, = n}
determines the subgraphs @ of @,, relative to the vertices (s;,s; + 1,..., 5,.)),
which are equioriented. The construction Co(d ) is given by steps:

(1) We construct the maximal orbit for the equioriented graph Q%0 and relative to
the dimension d* = (d,,d,,.. ., d ). The orizontal line is denoted by /, .

(2) We construct the maximal orbit for the equioriented graph @%" and relative to
the dimension d©V = (d,,d, )., d,,) choosing the orizontal line / passing
through the last vertex over s, and the half plane is the one containing the line /; .

o __ L o
_—— -0 2 53 132
G & O—- A e ——
G o O 4
& © —A
I,

P
p

We say that we have glued together the constructions for ) and @ “reversing
the orientation”.
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We proceed this way constructing the maximal orbit for € of dimension
d¢)=(d,.d, ..., d, ) and glueing it to the previous one but reversing the
orientation (i = 1,2,..., »). The result is a collection of indecomposables which
determines an element A := Cy(d) € L,({,,R2). An example of such a construction
has been given at the end of §1.

LEMMA 3.2. Let A = Cy(d) and assume E,, appears as a factor in A. Then in A
there cannot appear any factor E,,. . such that:

(@) p" > p,.q < qand[p’,q'] of odd type:

(b)p’ <p,q < qand]p.q’] of even type:

(i3

©p' >p,q > qand][p',q] of even type:

P p—1 q+1 q

PrROOF. The proof follows by counting how many times one has reversed the
orientation for the construction between p’ — 1 and ¢’ + 1 in case (a), between
p — land ¢’ + 1 in case (b), and similarly for (c) and (d).

REMARK 3.3. Let Q* be the orientation dual to £, then:

(ii) dimSt4 = dimStCy(d) = Y e:p( Y+ Y e,’fi).
P<q t<gq t>p
PROOF OF PROPOSITION 3.1. We only need to verify that
n—1

dimStA4 = Z di2 - Z dd,,, = d|2 + Z di(di - di—l)'

i=1 i=1 i=2
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We proceed by induction on the length of the graph. Let (&€,_,,2’) be obtained from
(&,,) by dropping the last vertex n, where @ = (1 =5, <5, < --- <5, <n—1
= 5., ,) is the orientation induced by Q@ on &,_,. Let d’ = (d,,d,,...,d,_,) and
A" = Co(d’) € OZ,, (inductive assumption). We only have to prove that

dimSt4 = dimStA’ + d,(d, — d,, ).

As we have e/, = e/ for all p < g <n — 1, using (2.2) and (2.1) we only have to
compare the contribution given by the factors of type E, ,_, in A’ to dimStA4” with
the one given by the factors of 4 of type E,, and E, ,_, to dimStA. Note that each
pair E, ,_,, E,,_, which appears in A’ gives a contribution of 1 to dimStA" (cf.
(2.1), (2.2) and also Remark 3.3(ii)). If 4, = d,,_,, all the factors of type E, , _, in 4’
change to E,, in 4 and ed = 0; therefore dimSt4 = dimStA4’ and the claim is
proved. If d, > d,_,, all the factors E, ,_, in 4" change to E,, in 4 and we have
exactly d, — d,_, factors E,, in A; therefore we have exactly d,(d, — d,_,) new
pairs of indecomposables which give a contribution of 1 to dimStA, and the claim is
proved.

Ifd, <d,_,thend, of the factors E, , _, (p = 1,..., n — 1) appearing in 4" have
become E,, in A and in 4 there are exactly d,_, — d,, factors E, Using Lemma
3.2 it is immediately seen that there are d,(d,_, — d,) pairs (E,,, E, ,_) which do
not give any contribution to dimStA4 which therefore decreases with respect to
dimStA’ of d,(d,_, — d,). This ends the proof.

As a result of Proposition 3.1 we have a graphical description of the indecomposa-
ble factors appearing in the decomposition of the maximal orbit. As the graph @, is
of finite type this is equivalent to giving a combinatorial description of the “canoni-
cal decomposition” of the dimension vector d = (d,,d,,..., d,) (for this notion cf.
[7 and 8]), with respect to the oriented graph (&,,Q).

The factors and the multiplicities appearing in A = Cy(d) can be numerically
described as follows. Let

=1

m, = min(d, =d,.d,,....d,), d,=d, —m,
m2=min(m],dsl+]—ai],...,dxz-— _s.)’ ‘7xz= sz_Js,_m2’
my = mm(mz,ds2+l d,....d, — _Sz) ...............
R PR TRE ‘ism=d:k_._‘7sk_z_mk—l’
m, = min(m,_,.d, . —d _...d, . —d_...d —d, ).
In the sequence m; > m, > --- >m; > ---, let k be the first integer such that
m, <0 and let 1>0 be such that d,_ —-d, >0,...d, ,, —d >0,

- d,_

dy, vee , < 0. Thenin 4 = Cy(d) we have a factor of type E, ,, g = s, +
t, with multiplicity

A _ : _ g g
e,‘q—mm(m,(_,,dsk_I+l dg, sendg, o, —4d )

Sk-1 Sk—1
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This numerical procedure is immediately deduced from the graphical construction.
Then we apply the same procedure to the dimension vector

(d\dy.....d,) —ef [1,1,....1,0,...,0].
gtimes

ExaMpLE. d = (11,7,9,4,10,12, 6,8,4,11, 3,5,9, 6 ,4):
A ° A o

m, = min(11,7,9,4) = 4, 4

m, = min(4,10,12,6) =4, d, =6

m, = min(4,6,2,9,1) =1, d,_=0,

5

m, = min(1,5,9,6) = 1, [ =

a,-

ms = min(1,—1) < 0.

In A there is a factor E| |, with multiplicity 1. To find the other factors we apply the
same method to the dimension

(10,6,8, 3,9,11,5,7,3,10,2.,4.8, 5 ,4).
A o A o

4. The set 1,(Q). Let d = (d,,d,,..., d,) be a given dimension such that d, > 0,
all i. We define the set I,:= I,(f) to be the set of pairs (i,j) with i <j, i,

Jj = 1,..., n, which satisfy the following conditions with respect to the orientation .
Sets,_| < i <5, 83 <J<sgy Then(i,j) € I,if and only if
(4.1)
(-1 for every # such thati < r < s, thend, > d;
(7) foreveryr =0,..., 8 —a — landrsuchthats,, <t<s,, .,
thend, >d, —d,  +-+(=1)d_+(-1)""d;
(B — «) foreverytsuchthats, <t <, then
d>d, —d, +-+ (-1 +(-1)!"""q,
and
p=d, —d, 4+ (=) ()P

The set 1, is entirely defined in terms of the given dimension and the orientation Q.
We will show soon that it has the same cardinality as the set O, of the codim 1 orbits
inL,(&,,Q).

We first interpret the conditions defining I, in terms of the indecomposable
factors of the maximal orbit, i.e. in terms of the canonical construction Cy(d). Let
A =Cy(d) € Of, and (i,j)E I, 5,1 < i <5, 55<j<55,,. We can assume
that s, is a sink (cf. Remark 3.3(i)). Condition (—1) in (4.1) is equivalent to saying
that any indecomposable factor in A which contains the vertex i contains also s,
(this set is not empty as d; > 0); there are indecomposables which start at i + 1 and
contain s,. As a consequence of Lemma 1.1 it follows that ¢/, i <t < s, is injective
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but not surjective and d, — d, = dimcokerg;. Condition (0) says that for every ¢,
Sq <1< S, the map @ is surjective but not injective and d, — d, + d, =
dimkerg:. The set of factors of 4 which contain the vertices i and s, , and the set
of factors of A which start at i + 1 and contain s, , are not empty.

Sa+1
s 0]
i i+1 a
—4 Ol > a,  -a, +aq
o © a+1 [+
s —o
o ©
<4 N 49
dsa_di

In general, condition (7), 7=0,...,8—a—lands,,, <t<s,,,,,orT=f
— aand sz <t < j says that:
;! is surjective but not injective if 7 is even and

d,—d, +-+d =dimKerg].
@} is injective but not surjective if 7 is odd and

d,—d, +---—d, =dimCokergj.

The equality in condition (8 — «) says that qafj. is both injective and surjective, i.e.
is an isomorphism.

REMARK 4.2. In particular, (i,j) € I, implies that if (8 — «) is odd then the set of
factors in 4 which contain both the vertices i and j is not empty, and there is at least
a factor E;,, ;_,; moreover there are no factors in A which contain the vertex / and
end at j — 1 or which start at i + 1 and contain j. If (8 — a) is even then the set of
factors in A which start at i + 1 and contain j and the ones which contain i and end
atj — 1 are not empty; moreover in A4 there are no factors which contain both i and
j or which start at i + 1 and end at j — 1. We will use this observation to construct
the injective map in Theorem 5.1.

The condition (4.1) can be rewritten as follows:

(4.1y

(-1 for every ¢ such that s, < ¢ < j, thend, > d;

() foreveryr=0,..., 8 —a— landzsuchthatss ., <t <sp_,,
thend, >d, —d +---xd;

Sg-r Sg-r-1 J

(B — a) foreverytsuchthati <t <s,, then
d>d, —d,  +--+d
and
d=d, — +d
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Clearly we can read the conditions of (4.1)" in terms of the maps (p,f',, i<1<j, aswe
have done for the conditions (4.1).

PROPOSITION 4.3. The cardinality |1,| of the set 1, is |I,| = n — s, where n is the
number of vertices in the graph &, and s is the number of nonisomorphic indecomposa-
ble factors of A = Cg(d).

PROOF. We use the same notation as in the proof of Proposition 3.1. Let
d’=(d,,...,d,_,) and assume by induction that |I,| = (n — 1) — s’, where s’ is
the number of nonisomorphic factors in A" = C,.(d’). Note that either |1,| = |/,| or
|1,] =11,] + 1, (adding the vertex n and passing from d’ to d we can at most create a
new pair (i,n), i < n, in I,). Therefore we only have to prove that we have in I, a
pair (i,n) if and only if s = s".

The claim is obvious if d, > d,_,. In fact (n — 1,n) € I, implies d, = d,,_, and
s = s’ and conversely. If d, > d,_, then (i,n) & I, for every i (cf. (4.1), condition
(= 1), and s = s” as in A we have factors E, . Assume d,, < d,_,. Thens = s’ if and
only if adding the vertex n to the construction C,.(d’) not all the factors which are of
type E,,_, in A" have changed to E_, in 4; moreover in A there are factors E,,
(some p) and E, ,_, (same p) is not a factor. Therefore s = s’ is equivalent to saying
that the following sets are not empty:

0, ,={qq=1,..,n- Let, >0}, @"={p,p= l,...,n— 1,e,j',,>0}

and®, ;N O, = . Letg=min g ¢,p = min,cq p,i+ 1= max(p,g).Then
the pair (i,n) belongs to I,, as follows easily from the interpretation of the
conditions defining I, in terms of the construction Cg(d) and Lemma 3.2 and
conversely.

The importance of this proposition comes from the following results of Happel
(cf. [6]) and Sato and Kimura (cf. [9]) (cf. also §6).

PROPOSITION 4.4. (a) n — s equals dim(L,/T1 SL(V})).
(b) n — s equals the number of the codim 1 orbits in L.

5. Classification of the codim 1 orbits in L,(&,,Q2). Let O, be the set of codimen-
sion 1 orbits in L,(@,,2) and 4 = Cy(d) a representative of the maximal orbit.

THEOREM 5.1. There exists a unique bijective map : I, — ©, (Y(i,j) = 0, = OB”,
B;; € L, a representative in O,;) such that:

@) N2 = Nf - 1.

(i) N2 = N2 for every (u,0) € I, (u,v0) = (i,j).

v

PROOF. We first construct the map y. Let (i,j) € I, 5, < i <5, 55 <J < Sg, -
Define A to be the set of pairs of indecomposable factors of A of type (E,,,
E; . ,_,)such that h < i, k > j. This set is not empty if and only if 8 — « is odd as
we have seen in Remark 4.2. Define A‘f}’ to be the set of pairs of factors in 4 of type
(E, j_1»Eis1 ) such that h < i, k > j. This set is not empty if and only if 8 — a is
even. It follows that the set A, = A U AY) is not empty and if Af) = & then
Af) = 2. Note that on any pair of indecomposables in A{) we can perform an

elementary degeneration of type (e¢) and on each pair in A‘,-‘}’ we can perform an
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elementary degeneration of type (o) (cf. §1). The representation B;; associated via ¢
to the pair (i7,j) is now defined performing an elementary degeneration of type (e) or
(0) on a pair in A) or in A for a suitable choice of the indices / and k.

Note that if 8 — ais odd, i.e. if A} = @ and AY) = @ we cannot specify a priori
the type (odd or even) of the factors E,,, h < i,k > jasi > 1 andj < m, but we do
know that E,,, ;_, is of even type. Similarly if B — a is even, we do not know a
priori the type (odd or even) of E, ;_, and E,,, , h < i, k > J, but we do know that
[i + 1,j — 1]1s of odd type. Therefore a priori all the four cases listed in the table at
the end of §1 are possible; it follows that our choice of the integers # and k must be
done choosing first the case I, II, III or IV which is the most convenient for our
purpose of ending up with a codim 1 orbit (cf. §2, Column 1 of the table). We simply
write A instead of A;; and consider the decomposition A = A; U Ay U Ay U Ay,
where A ,» p =1L 1L 1II or IV, is the subset of A on which the elementary
degeneration corresponds to the case p. Note that if A;; = & then A;; = & asa
consequence of Lemma 3.2, and conversely.

We choose the indices 4 and k according to the following criterion:

If A,y = &, then among the pairs in A, we choose one with kK — A minimum
possible.

If Ay = @ and Ay = &, then among the pairs in A;; we choose & minimum
possible and 4 minimum possible.

If Ay=A =9 and A; = &, then among the pairs in A} we choose k
maximum possible and £ maximum possible.

IfAy=Ay=A;= 2,then A| = & and we choose k — h maximum possible.

Note that the choice of the indices 4 and k is in any case uniquely determined, as
a consequence of Lemma 3.2. With the choice of 4 and k just specified we will have
either

(WA, =AN) A=A®E, ®E,,, ;B,=A®E,, | ®E,, ,or

@A, = A(,é)§ A= A_@Eh,,'—l ®E, B, = A®E, ®E,,
and from now on we will use the notations of §2 (codimension formulas), assuming
B=B ,andr=i+1,t=j-1 B

We have codim Ld5,. ;= 1; in fact, according to Proposition 2.5 we have e;q =0
for every (p,q) € H(h,r,t,k) as a consequence of the priorities given to the cases
IV, III, I1, I and the choice of the indices &, k (cf. §2, Column 1 of the table). The
map ¢ is injective. In fact if (i,j), (i’,j’) € I, and (i,j) = (i’,j’) then i = i’, j = j’. It
follows that O,; = O, as B,; and B,. . are both obtained from 4 by performing an
elementary degeneration on distinct pairs of indecomposables. From Propositions
4.3 and 4.4 it now follows that y is bijective.

PRrROOF OF (i). It follows from the fact that the pair (i,j) = (r — 1, + 1) is listed in
Column 2 of the table in §2.

PROOF OF (ii). By contradiction assume N2/ = N2 — 1 for some (u,v) € I,.
Consider first the case when B, € O,; = ¥/(i,j) is obtained from A4 via an elementary
degeneration of type (e), i.e. assume the set A(f} =+ (, the degeneration belonging to
one of the cases IV, III, II or I according to the rule given by y. The condition

NB, = N2 — 1 implies that (u,v) is one of the pairs listed in Column 2 of the table
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on the row corresponding to the case we are dealing with. On the other side the
condition (u,v) € I, implies that we have the representation B,, € O, = ¥(u,v)
and therefore in A there is either E, ., ,_, ® E, , (if the degeneration which gives
rise to B, is of type (e)), or E, ,_, + E, ., (if the degeneration is of type (0)) and
in any case A< u <1i, p>v>j In the first case (¥ + 1,0 — 1) is a pair in
H(h,r,t,k) (compare Columns 1 and 2); in the second case either (A,v — 1) or
(u+ 1,p) is in H(h,r,t,k). Therefore we get a contradiction to the assumption
codim LJO_,. ; = 1. Suppose now that B;; is obtained via a degeneration of type (0), i.e.
AY) = @. Again in 4 either we have the factors E,,, ,_, ® E, , (if B,, is obtained
from A via a degeneration of type (e)), or E, ,_, ® E, ., , (if the degeneration is of
type (0)) and always A < u < i, p > v > j. It follows that in 4 = Cy(d) we have
factors E,,, with [z,w] 2 [i,j] which is a contradiction to the conditions (i,j) € I,
and B, obtained with a degeneration of type (o) (cf. Remark 4.2).
EXAMPLE.

(@9,9) 0 € 0 —> 0 € 0 —>0 ¢ 0 —> 0 ¢ 0 — o0
1 2 3 4 S 6 7 8 9

d=(4,3,4,4,5,3,2,1,2), I, = {(2,8), (3.4), (4,7)},

1
©
1 2 3 4 5
ot ——6—A—0
#r O—H_——©
6 7
& O——&—©
8 9
C, b—e— 4 O——%———©
—ab ©

A=Co(d)=E, | ®2E s ®E ;O Eyy® Esq® Egg,n— 5 =3,
B, ¢ is obtained performing the operation E, ; ® E; g — E;; ® E g,
B, , is obtained performing the operation E; g & Es ¢ — E;( @ Esg,
B, , is obtained performing the operation E, 5 — E,; & E, ;.

6. The ring of semi-invariant polynomials R ,(¢,,2). We recall first some known
facts. Let K be an algebraically closed field and p a rational representation of a
connected algebraic group G on a finite-dimensional vector space V over K. Then G
acts on the polynomial ring K[V'] of V' via the action

f8(v) =f(p(g"")v)., g€G.
A polynomial f € K[V]is said to be semi-invariant (or relative invariant) if
fé=x(g)-f (xacharacterof G).

The ring of semi-invariants of the representation (G,p, V) is, by definition, the
ring generated by the semi-invariant polynomials.
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(G,p, V) is called prehomogeneous if there is an open dense orbit O,,, € V. In
this case it has been proved by M. Sato and T. Kimura (cf. [9]) that the reduced
equations f; = 0 of the codim 1 components in V' \ O,,,, are such that the f;’s are an
algebraically independent system of semi-invariant polynomials which generate the
ring of semi-invariants.

Consider now, for a given dimension d = (d,,..., d,), the variety L,(&,,Q) =
IT,cr, Hom g (V). V}(;y) defined in §0 and the corresponding action p of the group
G,. Then (G,,p,L,) is prehomogeneous and the codim 1 components in L,\ O,
are exactly the closures of the codim 1 orbits in L, (it follows from the fact that this
action has a finite number of orbits).

In view of the mentioned theorem of Sato and Kimura, we want to compute for
each codim 1 orbit in L, the reduced equation of its closure.

If we fix bases in the vector spaces V;’s then L, is identified to the set of
(n — 1)-tuples of matrices X = (X,,X,,..., X,_,), where X, is a d, X d,,, matrix if
in the given orientation Q the edge / = [¢,7 + 1]issuch thati(/) =t + 1, f(I) = ¢, or
ad, , Xd matrixif ill)=1, f(/)=1t+ 1. Then, for every i <j,i,j=1,..., n, we
can write the matrix Y, corresponding to the map oF ; (cf. §1) in the induced bases

Assume s,_, < i < sa, sg <J < sg.y, and s, a sink and let X,S , Xs e XJN
be the product of the X,’s between i and s,, s, and s, | etc,, i.e., X, 5= X 10

X 10X, Xs sa = X2 X oye oo o X, _,, etc. Then we have

X, X5 0 - 0 0

0 Sa+1+Sa+2 _X5a+2~sa+3 T O 0

Y~- = O O Sa+3+5a+4
1
’ 0 0 0
i 0 0 0 iX,B‘j_

A similar expression holds for Y, in case s, is a source.
Assume now (i,j) € I,, then Y, is a square matrix and we define

D= Det(Yij) ((i.j) € 1,).

These are the polynomials to which we refer in §0 and, in particular, in Theorem 0.1.

PROOF OF THEOREM 0.1. D, ; is not identically zero as it is not zero on the open
orbit 02, C L,. D;; vamshes on 0 as a consequence of Theorem 5.1(i), and does
not vanish on any other codim 1 orblt of L, as a consequence of Theorem 5.1(ii). We
want to prove that D, = 0 is the reduced equation of the subvariety 0, ;- The proof
is now the same as the one given in [1]. We repeat it for the convenience of the
reader.

Assume D, = (f)' for some polynomial function f on L, and f = 0 the reduced
equation of O;;. Then f is a semi-invariant polynomial. Let 7" = [T, G\, G\ a
copy of the multiplicative group G,, of K. T" acts on the matrices X;’s and therefore
on the X’s and on Y, Explicitly we have for any a = (a,,..., a,) € T", (i,j) € 1,

= (a,)"“(a, )%= ---(a;)*% D,,, where the sign + corresponds to the fact that
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55 can be sither a source or a sink (we always assume for simphvity that s, is a sink).
It foltows from the assuraption D,, = ( /)’ that

flax,) = (a) M (a ) (a) s(y)

kiksy..., k; posiive integers and d, — ik,,.... d, =ik, It d =1 then =1 and
tnere is nothing o be proved. If d, > 1 and the ficld K is algebraically closed and of
char 0 we may choose a; to be a primitive d -root of 1 and all the other coordinates
of u equal to 1. Then a € IT_,SL(d,,K) and therefore (u,)* = 1, i.e. J, divides k,
and ¢ = 1. If charK = 0 one may substitute this with an argument on formal
invariants. In fact if f¢ = f for any g € SL(d,,K) the same idenuty holds with
g € SL(d,,A) and A4 any K-algebra; in particular we can take 4 = K [z)/(z% - 1)
and g, the class Z of z. The same argument as before holds, and Theorem 0.1 follows
as a consequence of the mentioned theorem of Sato and Kimura (cf. [9]). If K is not
algebraically closed but infinite, Theorem 0.1 still holds. In fact the semi-invariant
polynomials D,; have coefficients in K and if K denotes the algebraic closure of K
then G, = [1GL(d,,K) is dense in G, = [IGL(d,,K).

7. Reflections and semi-invariants. We start our discussion considering the oriented
graph

1, i 03
I’a.\lil‘//.o“

and the variety L of all its representations of a given dimension «a = (h: h,,
hy,....h,). 1e. we consider vector spaces V,, V (i =1,...,r), over K, dimV, = h,,
dimV = 4. and fix basesin V,, V. Then L = I'1]_,Hom (V.. V) = {( X, X,...., X)),
where the X,’s are h X h; matrices:

Let@ = K{L]j= K[X,,..., X,] be the ring of polynomials of L. Assume now that
h <h + h, + ---+ h,and consider the matrix X:= [ X, X, - - X,]. We denote by
[i, iy -+ i,]y the determinant of the & X h minor relative to the column indices /|,
iyy..oy iy (i) <iy < --- <i,). The special linear group SL(V') = SL(h,K) acts on
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L and we denote by ¢>“"%) C ¢ the subring of polynomials which are invariant
under SL(4,K ). Then we have

Ua R o | TR AR A I

The group G:= [IGL(V,) =ITIGL(A,.K ) acts on L and the induced action on

p»SL(h.K) ;

of is the one induced on {4, --- i, ], by the right multplication
A 0 - 0
0 A, . .
X-| . . e 4, € GL(h,,K).
0 o0 A

r

We perform now a simple reflection with respect to the central vertex of our graph
and consider the reflected dimension a’ corresponding to a. We get the following
picture, where we use similar notations to the one introduced before:

; V2
1
° 03 v, vy
\ / ¥, /
- Y, Y,
r & ‘ .
V= Y

o =(h;5h,hy,....h,), h=h +---+h, -h,
dim V' = h’, Y, an h; X h’ matrix,

L'=[THom,(V',¥) = {(Y,..., Y,)), & =K[L,

Yl
Y2
Giloo@s o=k ]
Y,

r

The action of G on @4*KX) s induced by the action of G on Y given by the left
multiplication.

PROPOSITION 7.1. The morphism @: @'SL" K — @SLK) gipen by (5, - ], —
gliy - iyly, where 6 = (j,..., Jyi)s.--.s i) IS a permutation of the indices (1,

2,..., h + k') and e its sign, is an isomorphism compatible with the action of the group
G.
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PROOF. We give only a sketch, as the argument is completely standard. Let
m = h + h’ and let W be a vector space over K of dimension m. We fix a basis e,

€,,..., e, in W and an explicit identification A "W — K givenby e, A e, A -+ A
e,, — 1, moreover we consider the canonical pairings

h h
AW*X AWK, (1A Aguw A -os Aw,) — det[ (g, W]

h h’ m
AWX AW—=> AW, (WA Aw,w A - Aw)

SWA AW AWA s AWy

Then we have an SL(W )-equivariant isomorphism

W
NW

L

o
®: N W*

which sends the affine cone over the Grassmann variety G, ,.(W*) to the affine cone
over G, (W) and induces the given @.

Proposition 7.1 gives an explicit construction of the first isomorphism given in [7]
(cf. formula (2.19) in the corollary to Proposition 2.1, p. 77). In fact when we apply a
reflection relative to an admissible vertex of an oriented graph (a vertex which is
either a source or a sink), the part of the graph which is involved is of the type
assumed at the beginning of this section.

We reformulate the content of the mentioned corollary of [7] in the case of the
graph @, , using the notation introduced in §§1-6.

Let  and ' be two orientations of €, and assume that Q' is obtained from {2 via
a reflection at the admissible vertex ¢. Let d = (d,,...,d,,...,d,) be a given
dimension for the representations of (€,,2) and d’ = (d,,..., d|,...,d,),d; =d,_,

+d,,, — d,, a dimension for the representations of (&,,£’). Then we have

]
PROPOSITION 7.2 (V. KAC). 1. R ,(&,.2) © R (&, Q) ifd; > O,
2.R,(8Q,,2) R (], Q)®KI[D,_,,,,]ifd; =0,
3.R,Q,,Q < R,(Q,Q2) ifd, <0,
where ifd. =d,_, +d,,, —d, =0 then (t — 1,t + 1) € I,(Q) and D,_, ., is the
corresponding determinant defined in §6; ifd; < 0,d"” = (d,,...,d,_,0,d,,\,..., d,).

Let ©, @', d and d’ be as before and let d; > 0. In order to prove Theorem 0.1 by
deducing it from the explicit construction of the ring of semi-invariants in the
equioriented case (cf. [1]), one should directly prove, among others, the following
proposition. Let I,(Q) and I,(9) be the sets defined in §4, and D,;(Q),
(i,j) € 1,(R), D (), (r,s) € I,(2), the proposed generators respectively for
R ,(&,,Q)and R ,(&,,Q).

PROPOSITION 7.3. 8(D,;(£)) = A - D/ (") for every (i,j) € 1,(2) and suitable (r,
s) € 1,(Q), A a scalar.
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This proposition follows immediately from Proposition 7.2 and Theorem 0.1 once
we prove this last theorem directly from Theorem 5.1. A direct proof can be done
and involves explicit computations of the determinants.

We want to give an idea of this type of computation. In order to simplify our
notations we consider the following special case (which in any case contains all the
ingredients of the general case). Assume we have the Dynkin diagram @ oriented in
such a way that all its vertices are either a source or a sink:

(@7,9) A 0 DA 0 A 0 5 A

Letd = (d,,d,,..., d;) and
Xi X Xy Xe Xs o X,
Ld={.(.—.—).(_._).(_._).},
assume moreover that (1,7) € I,(§2). If we use the reflection at the vertex 4 the

corresponding situation is:

! 2 3 4 S 6 7
(f sz A& 0 = - 5 A & - — 0o o> A
( 7 ,)

d' = (d,,d,,dy,d},ds,dg,d;), dy=dy+ds—d, >0,

X X, Y3 Y, X X
Ld=<<——>—~><—<——>}

Again (1,7) € 1,.(’) and up to signs we have

X, 0 0 x 0
X, X, O !
D|7(Q)= ’ ’ > Di7(9')= X, Y,Xs|.
’ 0 X, X ’ 0 X
0 0 X é

The isomorphism @ of Proposition 7.2, 1, is induced by the correspondence between
the maximal minors of the two matrices Y = [Y;Y,], (a d} X (d; + d;) matrix) and
X = [§:] (a (d; + ds) X d, matrix), and is the identity on all the other matrix
variables. In the remaining part we will use the following notations: for every matrix

Z we denote by |Z|;'I‘_',ﬁ‘j; the determinant of the minor relative to the columns
iy <i,<--- <i, and to the rows j, <j, < --- <j. We will omit the upper
indices in case we have to take all the column indices and similarly for the rows.

In order to prove that 8(D;,(’)) = AD, ;(2) we compute both determinants
using Laplace expansion. For D{ ,(&’) we use Laplace expansion relative to the rows

of [Y;X, Y,X,]and we note that

X, 0
[(Y3X, Y, X]=[NY,]- [ 02 Xs]'
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It follows that

X 0 Chelag)*
D)=L+ [ X, Yaxd |
0 X
| P
—Zi'[Y:‘YA]l o [0 ijl[“]“”v' [0 X(, 5
where {d, - j, ) (1.2,...,d, + d¢})and (, - - - j,,)* denotes the complement of
{Jiso gy {12, dy + dg).
X X 0 A X 0 Chvfa)™
AP (2)) =3 + 3] AL Ay
" Z XA\ (s sg)* 0 X5 Sp Sy 0 X(‘
where (s, -+ 5, )* is the complement of {s,.....5,} in {1.2..... dy + ds). For
D, () we use the Laplace expansion relative to the columns of
0
X3
Xa
0

and we end up with the expression §(D{ (")) (up to signs), once we notice that a
noNzero minor in

o X Xo

must be taken from [§:] and therefore its complement is formed taking all the rows
relative to
o)
0 X
and some rows (the complementary ones) relative to
v
0 X
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